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C-integrable nonlinear PDEs. IV

F Calogero† and Ji Xiaoda‡
Physics Department, University of Rome ‘La Sapienza’, 00185 Rome, Italy
Istituto Nazionale di Fisica Nucleare, Sezione di Roma

Received 25 April 1996, in final form 1 July 1996

Abstract. A technique based on a change ofindependentvariables, used in a previous paper
to generate C-integrable nonlinear PDEs (i.e. nonlinear PDEs solvable by an appropriate change
of variables) in 1+ 1 dimensions (one ‘time’ and one ‘space’ variable), is extended to the case
of more than one space dimension. Several examples of evolution C-integrable PDEs in 1+ 2
dimensions (one time and two space variables) are exhibited.

1. Introduction

This is the fourth of a series of papers devoted to C-integrable partial differential equations
(PDEs), namely to nonlinear PDEs solvable via an appropriate change of variables. The
first two papers [1, 2] of this series dealt with nonlinear evolution PDEs in 1+1 dimensions
(i.e. evolution PDEs involving one ‘space’ variable in addition to the ‘time’ variable) and
focused, respectively, on equations solvable via a change ofdependentand independent
variables. The third paper [3] dealt with evolution equations involving more than only one
space variable (in fact, it concentrated on the case of 1+ 2 variables, i.e. one time variable
and two space variables), solvable via an appropriate change ofdependentvariables. This
fourth paper concentrates on evolution equations involving more than one space variable (in
fact, again largely on the case of 1+ 2 independent variables), solvable via an appropriate
change ofindependentvariables.

The motivation for deriving, and the criteria for exhibiting, such solvable nonlinear
PDEs, have been outlined in the first two papers [1, 2] of this series.

2. A class of C-integrable equations in 1+ N dimensions

Consider thelinear evolution PDE

wτ = Bw +
N∑
k=1

Akwξk . (2.1)

Here theN ‘space’ variablesξk, together with the ‘time’ variableτ , areN + 1 independent
variables, then-vectorw ≡ w(τ, ξ1, ξ2, . . . , ξN) is thedependentvariable, andAk,B are
N + 1 constant (n × n)-matrices. This PDE is of course solvable by standard techniques
(for instance, within an appropriate functional class, by a Fourier transform of the space
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variables). The Cauchy (initial-value) problem identifies the solution characterized by the
(initial) datumw(0, ξ1, ξ2, . . . , ξN) = w(0)(ξ1, ξ2, . . . , ξN).

We now introduceN + 1 new independent variablesxj and t by setting

xj,ξk = λkj + [Hj(w)]ξk = λkj + (∇Hj,wξk ) (2.2a)

xj,τ = µj + [Hj(w)]τ = µj

(
∇Hj,Bw +

N∑
k=1

Akwξk

)
(2.2b)

tξk = 0 tτ = 1 . (2.2c)

Here of coursexj,ξk ≡ ∂xj (τ, ξ1, ξ2, . . . , ξN)/∂ξk, xj,τ ≡ ∂xj (τ, ξ1, ξ2, . . . , ξN)/∂τ , and
hereafter for simplicity we sett = τ . TheN2 +N quantitiesλkj , µj are real constants, and
theN quantitiesHj(w) are (a priori arbitrary) real functions. The gradient∇ in the right-
hand side of (2.2a) and (2.2b) is then-vector of components(∂/∂w1, ∂/∂w2, . . . , ∂/∂wn),
so that thep-component of then-vector ∇Hj is ∂Hj (w)/∂wp. Note that to obtain the
right-hand side of (2.2b) we have used (2.1), and that (2.2a) and (2.2b) automatically imply
validity of the compatibility conditionsxj,ξkξl = xj,ξlξk andxj,τξk = xj,ξkτ .

We now enforce thechange of independent variables(from the ‘old’ variablesτ, ξk to
the ‘new’ variablest = τ, xj by setting

w(τ, ξ1, ξ2, . . . , ξN) = u(t, x1, x2, . . . , xN) (2.3)

with (see equation (2.2))

xj = x̄j +
N∑
k=1

λkj ξk +Hj [w(t, ξ1, ξ2, . . . , ξN)] (2.4a)

xj = x̄j +
N∑
k=1

λkj ξk +Hj [u(t, x1, x2, . . . , xN)] . (2.4b)

Here the quantities̄xj are N (largely irrelevant, as long as we deal with autonomous
equations) real constants, which are hereafter assumed to have been (conveniently) chosen,
as well as theN2 real constantλkj and theN real functionsHj . Equation (2.4a) provides
an explicit definition ofxj in terms of theN coordinatesξk (wheneverw(t, ξ1, ξ2, . . . ξN)

is known); it is the most convenient version to go from the old to the new variables.
Equation (2.4b) provides an implicit definition ofξk in terms of theN coordinatesxj
(wheneveru(t, x1, x2, . . . , xN ) is known); to get an explicit expression ofξk all that is
needed is inversion of the constant(N ×N)-matrix Λ (of elementsλjk), which is assumed
to be invertible (det(Λ) 6= 0); this is the most convenient version to go from the new to
the old variables. The fact that this change of independent variables is time dependent is
shown by the explicit time dependence of the last term in the right-hand side of (2.4).

Let us now derive the nonlinear evolution equation satisfied byu(t, x1, x2, . . . , xN) (the
reader who is not interested in the details of this derivation is advised to proceed directly
to the result (2.14)).

From equations (2.3) and (2.2a) we get

wξk =
N∑
j=1

uxj xj,ξk =
N∑
j=1

(λkj +H
(ξ)

kj )uxj (2.5)

where we have set

H
(ξ)

kj ≡ (∇Hj,wξk ) . (2.6a)
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Let us also set

H
(x)
kj ≡ (∇Hj,uxk ) . (2.6b)

We thereby introduce the three(N×N)-matricesΛ,H (ξ),H (x) of elementsλjk,H
(ξ)

jk , H
(x)
jk .

From the definitions (2.6) and from (2.5) we get the (N ×N )-matrix equation

H (ξ) = (Λ + H (ξ))H (x) (2.7)

which can be solved forH (ξ):

H (ξ) = ΛH (x)(I − H (x))
−1
. (2.8a)

HereI is the unit (N ×N )-matrix.
Clearly equation (2.8a) entails

Λ + H (ξ) = Λ(I − H (x))
−1
. (2.8b)

Let us set

(I − H (x))
−1 = Q/1 (2.9)

where

1 = det(I − H (x)) (2.10)

andQ is the matrix adjoint toI − H (x).
It is now easy to computewξk from equations (2.5) and (2.8b):

wξk =
N∑

j,l=1

λkjQjluxl /1 . (2.11)

Qjk are the matrix elements of the (N ×N )-matrix Q, see equations (2.9) and (2.10).
Likewise from (2.3),

wτ = ut +
N∑
j=1

uxj xj,τ (2.12)

hence from (2.2b) and (2.3) we get

wτ = ut +
N∑
j=1

µjuxj +
N∑
j=1

(∇Hj,Bu)uxj +
N∑

j,k=1

(∇Hj,Akwξk )uxj (2.13)

(in the last term in the right-hand side of this equation then-vector wξk should in fact
be replaced by its expression (2.11); for notational simplicity we have refrained here from
performing this substitution explicitly, which is however essential to get our final formula,
see below).

Insertion of (2.13), (2.3) and (2.11) into (2.1) yields finally the C-integrable nonlinear
evolution PDE satisfied byu(t, x1, x2, . . . , xn):

ut = BU −
N∑
j=1

µjuxj −
N∑
j=1

(∇Hj,Bu)uxj

+
N∑

j,k=1

Qkj

[
Mkuxj −

N∑
m=1

(∇Hm,Mkuxj )uxm

]
/1 (2.14a)

with

Mk =
N∑
j=1

λjkAj . (2.14b)



6784 F Calogero and Ji Xiaoda

Note that this is quite an explicit expression of the nonlinear PDE satisfied byu. Of course,
the round-bracketed expressions in the right-hand side of (2.14a) read explicitly as follows:

(∇Hj,Bu) ≡
n∑

a,b=1

[∂Hj (u)/∂ua ](B)abub (2.14c)

(∇Hm,Mkuxj ) ≡
n∑

a,b=1

[∂Hm(u)/∂ua ](Mk)abub,xj (2.14d)

whereua is thea-component of then-vectoru and the matrix elementsQjk of the(N×N)-
matrix Q, as well as the determinant1, are defined by (2.9) and (2.10), with the matrix
elementsH(x)

jk of the (N×N )-matrixH (x) defined explicitly as follows (see equation (2.6b)):

H
(x)
jk =

n∑
a=1

[∂Hk(u)/∂ua]ua,xj . (2.15)

Much of the rest of this paper consists of more specific versions of this nonlinear PDE.
But before exhibiting these examples, we indicate in the next subsection how to solve the
Cauchy problem for (2.14).

2.1. Solution of the Cauchy problem

To understand the C-integrability of the nonlinear evolution PDE (equation (2.14)) we
indicate here how to solve its Cauchy problem.

Let

u(0, x1, x2, . . . , xN) = u(0)(x1, x2, . . . , xN) (2.16)

be agiven function of theN ‘space’ variablesx1, x2, . . . , xN . Then by solving (2.4b) (with
t = 0), one gets (att = 0) the new variablesxj as a function of the old variablesξk
(note that here, unfortunately, one has to use a less convenient version of the transformation
from the old to the new variables, indeed one which generally requires the solution of a
nonlinear—albeit nondifferential—equation).

Inserting the expression att = 0 of the new variablesxj in terms of the old variables
ξk into (2.3) (with t = 0) one gets the initial datumw(0, ξ1, ξ2, . . . , ξN).

From this initial condition, one obtainsw(t, ξ1, ξ2, . . . , ξN) by solving the Cauchy
problem for thelinear evolution equation (1.1).

Insertion of w(t, ξ1, ξ2, . . . , ξN) into (2.4a) gives a relation between new and old
variables at timet , which must now be solved to get explicit expressions of the old variables
ξk in terms of the new variablesxj (again here one is not using the most convenient version
of the transformation, so that generallynonlinear—albeit nondifferential—equations have
again to be solved).

Finally, using the expression of the old variablesξk in terms of the new variablesxj one
gets, via (2.3), the solutionu(t, x1, x2, . . . , xN) of the Cauchy problem for the evolution
equation (2.14), corresponding to the initial datum (2.16).

3. Examples

In this section we exhibit several examples; we have tried to strike a reasonable balance
between the possibility of presenting an infinite number of them, and the need to be as
terse as possible, yet provide a representative sample. In the following, symbols such
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as a, b, c, β stand for (arbitrary) constants,Hj(u) for (generally arbitrary) functions and
H ′
j ≡ ∂Hj (u)/∂u.

Most of the following examples are explicit realizations of (2.14); others are obtained,
by the same technique as described above, taking as a starting point otherlinear or (C-
integrable)nonlinear PDEs.

3.1. N = 2, n = 1

Example 3.1.1.

ut =
[
ux + (u2

x + u2
y)H

′
1

1

]
x

+
[
uy + (u2

x + u2
y)H

′
2

1

]
y

(3.1a)

1 = 1 −H ′
1ux −H ′

2uy . (3.1b)

It comes from the diffusion equation,

wτ = wξξ + wηη (3.2)

via the transformation (2.2) with

λ11 = λ22 = 1 λ12 = λ21 = 0 µ1 = µ2 = 0 . (3.3)

Of course here (and hereafter)ξ1 ≡ ξ, ξ2 ≡ η, x1 ≡ x, x2 ≡ y.
For instance, ifH1(u) = au, H2(u) = 0, equation (3.1) reads as

ut = uyy + 2auyuxy/(1 − aux)+ (1 + a2u2
y)uxx/(1 − aux)

2
. (3.4)

If H1(u) = 1
2au

2, H2(u) = 0, equation (3.1) reads as

ut = uyy + 2auuyuxy/(1 − auux)

+[a(u2
x + u2

y)ux + (1 + a2u2u2
y)uxx ]/(1 − auux)

2 . (3.5)

Example 3.1.2.

utt = −β2u+
[
ux + (u2

x + u2
y − u2

t )H
′
1

1

]
x

+
[
uy + (u2

x + u2
y − u2

t )H
′
2

1

]
y

. (3.6)

Here1 is given by (3.1b).
It comes from the Klein–Gordon equation:

wττ = wξξ + wηη − β2w (3.7)

via the transformation (2.2) with (3.3).
For instance, ifH1(u) = au,H2(u) = 0, equation (3.6) reads as

utt = −β2u+ uyy + β2auux + 2a(uyuxy − ututx)/(1 − aux)

+[1 + a2(u2
y − u2

t )uxx/(1 − aux)
2 . (3.8)

If H1(u) = 1
2au

2, H2(u) = 0, equation (3.6) reads

utt = −β2u+ uyy + β2au2ux + 2au(uyuxy − ututx)/(1 − auux)

+{a(u2
x + u2

y − u2
t )ux + [1 + a2u2(u2

y − u2
t )]uxx}/(1 − auux)

2 . (3.9)
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Example 3.1.3.

iψt +
[
ψx + (ψ2

x + ψ2
y )H

′
1

1

]
x

+
[
ψy + (ψ2

x + ψ2
y )H

′
2

1

]
y

= 0 . (3.10a)

Here1 is given by (3.1b) with u replaced byψ ,

1 = 1 −H ′
1ψx −H ′

2ψy (3.10b)

H ′
j = ∂Hj (ψ)/∂ψ . (3.10c)

It comes from the linear Schrödinger equation.

iφτ + φξξ + φηη = 0 (3.11)

via the transformation (2.2) with (3.3), withφ in place ofw, andψ in place ofu.

Example 3.1.4.

ut = a00u− a00(x − x̄ −H1(u))ux + a01uy

−a00u(H
′
1ux +H ′

2uy)+ a02(uxpy − pxuy)

+(a20u
2 + a11pu+ a02p

2)[uxx + (H ′
1u

2
x/1)x + (H ′

2u
2
x/1)y ]

+(a11u+ 2a02p)[uxy + (H ′
1uxuy/1)x + (H ′

2uxuy/1)y ]

+a02[uyy + (H ′
1u

2
y/1)x + (H ′

2u
2
y/1)y ] (3.12a)

(1 −H ′
2uy)px +H ′

2uxpy = u−1(pux + uy) . (3.12b)

Here1 is given by (3.1b). x̄ is an arbitrary constant.
This pair of equations comes from the C-integrable PDE

wτ = a00(w − ξwξ )+ a01wη + a20w
2wξξ + a11w

2vξξ + a02(wvξη + wvvξξ ) (3.13a)

vξ = (vwξ + wη)/w (3.13b)

(see [4] equation (3.162) witha30 = a21 = a12 = a03 = 0), via the transformation (2.2)
with (3.3) and setting

w(τ, ξ, η) = u(t, x, y) v(τ, ξ, η) = p(t, x, y) . (3.14)

3.2. N = 2, n = 2

Example 3.2.1.

u1t = iβu1 − µ1u1x + (λ11 + iλ21)u2x − µ2u1y − iβ(au1 − bu2)u1x

−b[(λ11 − iλ21)u
2
1x − (λ11 + iλ21)u

2
2x ]/(1 − au1x − bu2x) (3.15a)

u2t = −iβu2 + (λ11 − iλ21)u1x − µ1u2x − µ2u2y − iβ(au1 − bu2)u2x

+a[(λ11 − iλ21)u
2
1x − (λ11 + iλ21)u

2
2x ]/(1 − au1x − bu2x) . (3.15b)

It comes from (2.14) with

A1 =
(

0 1
1 0

)
A2 =

(
0 i
−i 0

)
B =

(
iβ 0
0 −iβ

)
. (3.16a)

λ12 = λ22 = 0 λ11, λ21, µ1, µ2 arbitrary (3.16b)

H1(u) = au1 + bu2 H2(u) = 0 . (3.16c)
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If µ1, µ2, λ11, λ21 are real constants andb = a∗, it is consistent to set

u1(t, x, y) = ψ(t, x, y) u2(t, x, y) = ψ∗(t, x, y) . (3.17)

Then the evolution equation reads

iψt = −βψ − iµ1ψx + icψ∗
x − iµ2ψy + 2iβ Im(aψ)ψx + 2a∗ Im(c∗ψ2

x )/[1 − 2 Re(aψx)] .

(3.18)

Herec = λ11 + iλ21.

Example 3.2.2.

u1t = iβu1 + u2x + iu2y − iβau1u1x − ia(u1xu2y − u2xu1y) (3.19a)

u2t = −iβu2 + u1x − iu1y − iβau1u2x − iau2xu2y

+a(u2
1x − u2

2x − iu1xu1y − iau2
2xu1y)/(1 − au1x) . (3.19)

It comes from (2.14) with (3.16a), (3.3b) and

H1(u) = au1 H2(u) = 0 . (3.20)

This pair of equations can be reduced (withu = u1) to (3.8).

Example 3.2.3.

u1t = iβu1 + u2x + iu2y − iβ(au1 − bu2)u1x + β(au1 + bu2)u1y

−b[u2
1x − u2

2x − u2
1y − u2

2y − 2iu1xu1y

−2a(iu2x − u2y)(u1xu2y − u2xu1y)]/1 (3.21a)

u2t = −iβu2 + u1x − iu1y − iβ(au1 − bu2)u2x + β(au1 + bu2)u2y

+a[u2
1x − u2

2x + u2
1y + u2

2y − 2iu2xu2y

+2b(iu1x + u1y)(u1xu2y − u2xu1y)]/1 (3.21b)

1 = 1 − a(u1x + iu1y)− b(u2x − iu2y)− 2iab(u1xu2y − u2xu1y) . (3.21c)

It comes from (2.14) with (3.16a), (3.3) and

H1(u) = au1 + bu2 H2(u) = i(au1 − bu2) . (3.22)

If b = a∗, it is consistent to set (3.17). Then the evolution equation reads

iψt = −βψ + iψ∗
x − ψ∗

y + 2iβ[Im(aψ)ψx + Re(aψ)ψy ]

+2a∗[Im(ψ2
x )+ i Re(ψ2

y )− ψxψy

−2a(iψ∗
x − ψ∗

y ) Im(ψxψ
∗
y )]/1 (3.23a)

1 = 1 − 2 Re(aψx)+ 2 Im(aψy)+ 4|a|2 Im(ψxψ
∗
y ) . (3.23b)
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Example 3.2.4.

u1t = iβu1 + u2x + iu2y + iβ(au2u1x − bu1u1y)+ {a[−u2
1x + u2

2x + i(u1xu1y + u2xu2y)]

+[b + a(iau1x + bu2x)− b(bu1y − iau2y)]

×(u1xu2y − u2xu1y)}/1 (3.24a)

u2t = −iβu2 + u1x − iu1y + iβ(au2u2x − bu1u2y)− {b[−u1xu1y + u2xu2y + i(u2
1y + u2

2y)]

+[ia − a(bu1x + iau2x)+ b(iau1y + bu2y)]

×(u1xu2y − u2xu1y)}/1 (3.24b)

1 = 1 − (au2x + bu1y)− ab(u1xu2y − u2xu1y) . (3.24c)

It comes from (2.14) with (3.16a), (3.3) and

H1(u) = au2 H2(u) = bu1 . (3.25)

Example 3.2.5.

u1t = iβu1 + u2x + iu2y − iβ(au1 − bu2)u1y + {b[−u1xu1y + u2xu2y + i(u2
1y + u2

2y)]

+[a − (a2 − b2)u1y ](u1xu2y − u2xu1y)}/1 (3.26a)

u2t = −iβu2 + u1x − iu1y − iβ(au1 − bu2)u2y − {a[−u1xu1y + u2xu2y + i(u2
1y + u2

2y)]

+[b − (b2 − a2)u2y ](u1xu2y − u2xu1y)}/1 (3.26b)

1 = 1 − au1y − bu2y . (3.26c)

It comes from (2.14) with (3.16a), (3.3) and

H1(u) = 0 H2(u) = au1 + bu2 . (3.27)

If b = a∗, it is consistent to set (3.17). Then the evolution equation reads

iψt = −βψ + iψ∗
x − ψ∗

y + 2iβ Im(aψ)ψy − 2{a∗[Re(ψ2
y )− Im(ψxψy)]

+[a − 2i Im(a2)ψy ] Im(ψxψ
∗
y )}/[1 − 2 Re(aψy)] . (3.28)

Example 3.2.6.

u1t = iβu1 + u2x + iu2y − iβau2
1(u1x + iu1y) (3.29a)

u2t = −iβu2 + u1x − iu1y − iβau2
1(u2x + iu2y)

+au1(u
2
1x − u2

2x + u2
1y + u2

2y − 2iu2xu2y)/[1 − au1(u1x + iu1y)] . (3.29b)

It comes from (2.14) with (3.16a), (3.3) and

H1(u) = 1
2au

2
1 H2(u) = 1

2iau2
1 . (3.30)
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Example 3.2.7.

u1t = iβu1 + u2x + iu2y − iβ(au2
1 − bu2

2)u1x + {bu2[(u2
2x − u2

1x)+ i(u1xu1y + u2xu2y)]

−i[au1 − (a2u2
1 + b2u2

2)u1x ](u1xu2y − u2xu1y)}/1 (3.31a)

u2t = −iβu2 + u1x − iu1y − iβ(au2
1 − bu2

2)u2x + {au1[(u2
1x − u2

2x)− i(u1xu1y + u2xu2y)]

−i[bu2 − (a2u2
1 + b2u2

2)u2x ](u1xu2y − u2xu1y)}/1 (3.31b)

1 = 1 − 1
2(au

2
1 + bu2

2)x . (3.31c)

It comes from (2.14) with (3.16a), (3.3) and

H1(u) = 1
2(au

2
1 + bu2

2) H2(u) = 0 . (3.32)

If b = a∗, it is consistent to set (3.17). Then the evolution equation reads

iψt = −βψ + iψ∗
x − ψ∗

y + 2iβ Im(aψ2)ψx + 2{−a∗ψ∗[Im(ψ∗ 2
x )+ Re(ψxψy)]

+i Im(ψxψ
∗
y )[aψ − 2 Re(a2ψ2)ψx ]}/[1 − 2 Re(aψψx)] . (3.33)

Example 3.2.8.

u1t = iβu1 + u2x + iu2y

+{u1[b(u2
2x − u2

1x)+ ia(u2
1y + u2

2y)− (a − ib)u1xu1y + (a + ib)u2xu2y ]

+[(a − ib)u2 + [(a + ib)u2
1 − (a − ib)u2

2](bu1x + au1y)]

×(u1xu2y − u2xu1y)}/1 (3.34a)

u2t = −iβu2 + u1x − iu1y

+{u2[b(u2
1x − u2

2x)− ia(u2
1y + u2

2y)+ (a − ib)u1xu1y − (a + ib)u2xu2y ]

+[−(a + ib)u1 + [(a + ib)u2
1 − (a − ib)u2

2](bu2x + au2y)]

×(u1xu2y − u2xu1y)}/1 (3.34b)

1 = 1 − b(u1u2)x − a(u1u2)y . (3.34c)

It comes from (2.14) with (3.16a), (3.3) and

H1(u) = bu1u2 H2(u) = au1u2 . (3.35)

If a andb are real, it is consistent to set (3.17). Then the evolution equation reads as

iψt = −βψ + iψ∗
x − ψ∗

y − 2{ψ [b Im(ψ∗ 2
x )+ aRe(ψ∗ 2

y )− Im((a − ib)ψxψy)]

+ Im(ψxψ
∗
y )[(a − ib)ψ∗ + 2i(bψx + aψy) Im((a + ib)ψ2)]}/1 (3.36a)

1 = 1 − 2[bRe(ψψ∗
x )+ aRe(ψψ∗

y )] . (3.36b)

Example 3.2.9.

u1t = βu2 + u1x + u2y + βa(u1 − u2)u1x + av/1 (3.37a)

u2t = −βu1 − u2x + u1y + βa(u1 − u2)u2x − av/1 (3.37b)

v = u1x(2u2x − u1y − u2y)+ u2x(u1y + u2y) (3.37c)

1 = 1 − a(u1x + u2x) . (3.37d)

It comes from (2.14) with (3.3) and

A1 =
(

1 0
0 −1

)
A2 =

(
0 1
1 0

)
B =

(
0 β

−β 0

)
(3.38a)

H1(u) = a(u1 + u2) H2(u) = 0 . (3.38b)
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Example 3.2.10.

u1t = βu2 + u1x + u2y + aβu1u1x − bβu2u1y + a{2u1xu2x − u1xu1y + u2xu2y

+[(2b − a)u1x + bu2y ](u1xu2y − u2xu1y)}/1 (3.39a)

u2t = −βu1 − u2x + u1y + aβu1u2x − bβu2u2y + [−2bu1xu2y + b(u2
1y − u2

2y)

+a(1 − au2x + bu1y)(u1xu2y − u2xu1y)]/1 (3.39b)

1 = 1 − au2x − bu1y − ab(u1xu2y − u2xu1y) . (3.39c)

It comes from (2.14) with (3.38a), (3.3) and (3.25). Ifa = 0, equation (3.39) reads

u1t = βu2 + u1x + u2y − βbu2u1y (3.40a)

u2t = −βu1 − u2x + u1y − βbu2u2y + b(u2
1y − u2

2y − 2u1xu2y)/(1 − bu1y) . (3.40b)

This pair of equations reproduces (withu = u1) equation (3.8), with the variablesx andy
exchanged anda replaced byb.

If b = 0, equation (3.39) reads

u1t = βu2 + u1x + u2y + a(βu1 − u1y)u1x

+a(2u1xu2x + u2xu2y − au2
1xu2y)/(1 − au2x) (3.41a)

u2t = −βu1 − u2x + u1y + a(βu1u2x + u1xu2y − u2xu1y) . (3.41b)

This pair of equations reproduces (withu = u2) equation (3.8) again.

Example 3.2.11.

u1t = βu2 + u1x + u2y + β(bu1 − au2)u1y

+b[2u2xu1y + u2
2y − u2

1y + 2au1y(u1xu2y − u2xu1y)]/1 (3.42a)

u2t = −βu1 − u2x + u1y + β(bu1 − au2)u2y

+a[2u1xu2y + u2
1y − u2

2y + 2bu2y(u1xu2y − u2xu1y)]/1 (3.42b)

1 = 1 − au1y − bu2y . (3.42c)

It comes from (2.14) with (3.38a), (3.3) and

H1(u) = 0 H2(u) = au1 + bu2 . (3.43)

Example 3.2.12.

u1t = βu2 + u1x + u2y + βa(u2
1 − u2

2)u1x + a{u1(2u1xu2x − u1xu1y + u2xu2y)

−[u2 + a(u2
1 − u2

2)u1x ](u1xu2y − u2xu1y)}/[1 − a(u1u2)x ] (3.44a)

u2t = −βu1 + u2x + u1y + βa(u2
1 − u2

2)u2x + a{u2(−2u1xu2x + u1xu1y − u2xu2y)

+[u1 − a(u2
1 − u2

2)u2x ](u1xu2y − u2xu1y)}/[1 − a(u1u2)x ] . (3.44b)

It comes from (2.14) with (3.38a), (3.3) and

H1(u) = au1u2 H2(u) = 0 . (3.45)
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Example 3.2.13.

u1t = βu2 + u1x + u2y + βav1v2D1

−av1[v1y(v2x + v2y)− 2D1(u2x + av1D)]/1 (3.46a)

u2t = −βu1 − u2x + u1y + βav1v2D2

+av1[v1y(v2x + v2y)− 2D2(u1x − av1D)]/1 (3.46b)

1 = 1 − av1(D1 +D2) (3.46c)

v1 = u1 + u2 (3.46d)

v2 = u1 − u2 (3.46e)

D1 = u1x + u1y (3.46f)

D2 = u2x + u2y (3.46g)

D = u1xu2y − u2xu1y . (3.46h)

It comes from (2.14) with (3.38a), (3.3) and

H1(u) = 1
2a(u1 + u2)

2 H2(u) = 1
2a(u1 + u2)

2 . (3.47)

Example 3.2.14.

u1t = βu2 + u1x + u2y − βu1u2(au1x − bu1y)+ [bu2(2u2xu1y − u2
1y + u2

2y)

−au1(1 − au1u1x + bu2u2y)(u1xu2y − u2xu1y)]/1 (3.48a)

u2t = −βu1 − u2x + u1y − βu1u2(au2x − bu2y)+ [au1(−2u1xu2x + u1xu1y − u2xu2y)

+au1(au1u2x + 2bu2u2x − bu2u1y)(u1xu2y − u2xu1y)]/1 (3.48b)

1 = 1 − au1u1x − bu2u2y + abu1u2(u1xu2y − u2xu1y) . (3.48c)

It comes from (2.14) with (3.38a), (3.3) and

H1(u) = 1
2au

2
1 H2(u) = 1

2bu
2
2 . (3.49)

If b = 0, equation (3.48) reads

u1t = βu2 + u1x + u2y − βau1u2u1x − au1(u1xu2y − u2xu1y) (3.50a)

u2t = −βu1 − u2x + u1y − βau1u2u2x − au1u2xu2y

+au1(u1xu1y − 2u1xu2x − au1u
2
2xu1y)/(1 − au1u1x) . (3.50b)

This pair of equations reproduces (3.9) (withu = u1).
If a = 0, equation (3.48) reads

u1t = βu2 + u1x + u2y + βbu1u2u1y

+bu2(2u2xu1y − u2
1y + u2

2y)/(1 − bu2u2y) (3.51a)

u2t = −βu1 − u2x + u1y + βbu1u2u2y . (3.51b)

This pair of equations again reproduces (3.9) (but withu = u2, and with the variablesx
andy exchanged anda replaced byb).
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Example 3.2.15.

u1t = βu2 + u1x + u2y

+au2[2u2xu1y − u2
1y + u2

2y + 2au1u1y(u1xu2y − u2xu1y)]/1 (3.52a)

u2t = −βu1 − u2x + u1y

+au1[−2u1xu2y + u2
1y − u2

2y + 2au2u2y(u1xu2y − u2xu1y)]/1 (3.52b)

1 = 1 − au1u1y − au2u2y . (3.52c)

It comes from (2.14) with (3.38a), (3.3) and

H1(u) = 0 H2(u) = 1
2a(u

2
1 + u2

2) . (3.53)

Example 3.2.16.

u1t = u2x (3.54a)

u2t = u1y + a(u1xu1y − u2
2x)/(1 − au1x)

= (u1y − au2
2x)/(1 − au1x) . (3.54b)

It comes from (2.14) with (3.3), (3.20) and

A1 =
(

0 1
0 0

)
A2 =

(
0 0
1 0

)
B = 0 . (3.55)

This pair of equations yields (withu = u1)

utt =
[
uy + a

(
uxuy − u2

t

1 − aux

)]
x

(3.56a)

or equivalently

utt = (uxy − 2aututx)/(1 − aux)+ a(uy − au2
t )uxx/(1 − aux)

2 . (3.56b)

Example 3.2.17.

u1t = u2x (3.57a)

u2t = u1y + au1(u1xu1y − u2
2x)/(1 − au1u1x)

= (u1y − au1u
2
2x)/(1 − au1u1x) . (3.57b)

It comes from (2.14) with (3.55), (3.3) and

H1(u) = 1
2au

2
1 H2(u) = 0 . (3.58)

This pair of equations yields (withu = u1)

utt =
[
uy + au

(
uxuy − u2

t

1 − auux

)]
x

(3.59a)

or equivalently

utt = (uxy − 2auututx)/(1 − auux)

+a[u2
xuy − uxu

2
t + u(uy − auu2

t )uxx ]/(1 − auux)
2 . (3.59b)
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Example 3.2.18.

u1t = u2x + a(u1xu2y − u2xu1y) (3.60a)

u2t = u1y − au2xu2y + a(u2
1y − au1xu

2
2y)/(1 − au1y)

= −au2xu2y + (u1y − a2u1xu
2
2y)/(1 − au1y) . (3.60b)

It comes from (2.14) with (3.55), (3.3) and

H1(u) = 0 H2(u) = au1 . (3.61)

This pair of equations reproduces (withu = u1) (3.57) with the variablesx andy exchanged.

Example 3.2.19.

u1t = u2x − au2u1xu1y + au2(u
2
2x − au2u

2
1xu2y)/(1 − au2u2x) (3.62a)

u2t = u1y + au2(u1xu2y − u2xu1y) . (3.62b)

It comes from (2.14) with (3.55), (3.3) and

H1(u) = 1
2au

2
2 H2(u) = 0 . (3.63)

This pair of equations reproduces (withu = u2) precisely (3.59).

Example 3.2.20.

u1t = u2x + abv (3.64a)

u2t = u1y − av (3.64b)

v = [u2
2x − u1xu1y − b(u1xu2y − u2xu1y)+ b2(u2

1y − u2xu2y)]/1 (3.64c)

1 = 1 − a(u1x + bu2x − b2u1y − b3u2y) . (3.64d)

It comes from (2.14) with (3.55), (3.3) and

H1(u) = a(u1 + bu2) H2(u) = −b2a(u1 + bu2) . (3.65)

Example 3.2.21.

u1t = u2x + v (3.66a)

u2t = u1y − v (3.66b)

v = a(u1 + u2)[−u1x(u1y + u2y)+ u2x(u2x + u1y − u2y)+ u2
1y ]/1 (3.66c)

1 = 1 − a(u1 + u2)(u1x + u2x − u1y − u2y) . (3.66d)

It comes from (2.14) with (3.55), (3.3) and

H1(u) = 1
2a(u1 + u2)

2 H2(u) = − 1
2a(u1 + u2)

2 . (3.67)
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Example 3.2.22.

u1t = u2x + au1[u2
2x − u1xu1y − au1u1x(u1xu2y − u2xu1y)]/[1 − a(u1u2)x ] (3.68a)

u2t = u1y + a[u2(u1xu1y − u2
2x)+ u1(1 − au1u2x)(u1xu2y − u2xu1y)]/[1 − a(u1u2)x ] .

(3.68b)

It comes from (2.14) with (3.55), (3.3) and (3.45).
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